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A STUDY ON KANNAN TYPE CONTRACTIVE MAPPINGS
HIRANMOY GARAI1, TANUSRI SENAPATI2, LAKSHMI KANTA DEY3
Abstract. In this article, we consider Kannan type contractive self-map T
on a metric space (X, d) such that
d(Tx, T y) <
1
2
{d(x, Tx) + d(y, T y)} for all x 6= y ∈ X,
and establish some new fixed point results without taking the compactness of
X and also without assuming continuity of T . Further, we anticipate a result
ensuring the completeness of the space X via FPP of this map. Finally, we are
able to give an affirmative answer to the open question posed by J. Go´rnicki
[Fixed point theorems for Kannan type mappings, J. Fixed Point Theory Appl.
2017]. Apart from these, our manuscript consists of several non-trivial exam-
ples which signify the motivation of our investigations.
1. Introduction and Preliminaries
It is almost a century where several mathematicians have improved, extended
and enriched the classical Banach contraction principle [1] in different directions
along with variety of applications. It is well-known that every Banach contrac-
tive mapping is a continuous function. In this sequel, it was a natural question
does there exist any contractive map accompanied with fixed point which is not
necessarily continuous? In 1968, R. Kannan [6] was the first mathematician who
found the answer and presented the following fixed point result.
Theorem 1.1. [6] Let (X, d) be a complete metric space and T be a self-mapping
on X satisfying
d(Tx, Ty) ≤ k{d(x, Tx) + d(y, Ty)}
for all x, y ∈ X and k ∈ [0, 1
2
). Then T has a unique fixed point z ∈ X, and for
any x ∈ X the sequence of iterates (T nx) converges to z.
Another beauty of the above result is that we can characterize the completeness
of the underlying spaceX in terms of fixed point of T . In 1975, Subrahmanyam [8]
proved that a metric space (X, d) will be complete if and only if every Kannan
mapping has a unique fixed point in X . Later on, B. Fisher [4] and M. S.
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Khan [7] simultaneously proved two fixed point results related to contractive
type mappings. They proved that a continuous mapping on a compact metric
space (X, d) has a unique fixed point if T satisfies
d(Tx, Ty) <
1
2
{d(x, Ty) + d(y, Tx)}
or
d(Tx, Ty) < (d(x, Tx)d(y, Ty))
1
2
for all x, y ∈ X with x 6= y respectively.
Soon there after, in 1980, Chen and Yeh [2] extended the above two results in a
more general way. In their article, they proved the following result as a corollary.
Theorem 1.2. [2] Let T be a continuous mapping of a non-empty compact
metric space (X, d) satisfying
d(Tx, Ty) < max{d(x, y),
1
2
(d(x, Tx) + d(y, Ty)),
1
2
(d(x, Ty) + d(y, Tx)),
(d(x, y))−1d(x, Tx)d(y, Ty), (d(x, Tx)d(y, Ty))
1
2 ,
a(x, y)d(x, Ty)d(y, Tx), b(x, y)((d(x, Ty)d(y, Tx))
1
2}
for all x, y ∈ X with x 6= y and a(x, y), b(x, y) are two non-negative real functions,
then T has a fixed point. If, in addition, a(x, y) ≤ (d(x, y))−1 and b(x, y) ≤ 1,
then T has a unique fixed point.
Very recently, J. Go´rnicki [5] proved the following result.
Theorem 1.3. [5] Let (X, d) be a compact metric space and T : X → X be a
continuous mapping satisfying
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}
for all x, y ∈ X with x 6= y. Then T has a unique fixed point and for every
x ∈ X, the sequence (T nx) converges to the fixed point.
Unfortunately, the above result does not contribute anything new in the liter-
ature, since one can easily get this result as a special case of Theorem 1.2, which
was already proved long back, in 1980.
Up till now, we observe that to ensure the existence of fixed points of Kannan
type contractive mappings, both of continuity and compactness take crucial parts
in the literature. In this article, our main aim is to investigate the existence of
fixed point of Kannan type contractive mappings without assuming continuity of
the mapping as well as the compactness property of the underlying spaces. In this
direction, we successfully present some fixed point results which will be presented
in next section. Before proceed further, we recall some definitions which will be
useful in our main results.
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Definition 1.4. [3] A metric space (X, d) is said to be boundedly compact if
every bounded sequence in X has a convergent subsequence.
It is clear from definition that every compact metric space is boundedly com-
pact, but a boundedly compact metric space need not be compact, for example,
the set of real numbers R with usual metric is not compact but boundedy com-
pact.
Definition 1.5. Let (X, d) be a metric space and T be a self mapping on X.
Then orbit of T at x ∈ X is defined as
Ox(T ) = {x, Tx, T
2x, T 3x, . . . }.
Now, we define the concept of T -orbitally compact set.
Definition 1.6. Let (X, d) be a metric space and T be a self-mapping on X, then
X is said to be T -orbitally compact if every sequence in Ox(T ) has a convergent
subsequence for all x ∈ X.
It is clear that T -orbitally compactness of a space depends on the mapping T
defined on it.
Example 1.7. Let X = [0,∞) be a metric space with respect to usual metric on
R. Define two mappings T1, T2 on X by
T1x =
x
n + 1
, if n− 1 ≤ x < n,
and
T2x = 2x
for all x ∈ X and n ∈ N. Then clearly X is T1-orbitally compact but not T2-
orbitally compact.
Moreover, it is easy to see that every compact metric space is T -orbitally
compact but the converse is not true. Also note that boundedly compactness and
T -orbitally compactness are totally independent. Even T -orbitally compactness
of X does not give the guaranty to be complete. To show this, we consider the
following examples.
Example 1.8. Let X = [0, 1) endowed with the usual metric. Define T : X → X
by Tx = x
2
. Then it is easy to see that X is T -orbitally compact but it is not
complete.
Example 1.9. Let (X, d) be a usual metric space with X = [0,∞). We define
T : X → X by Tx = 2x. Then it is trivial to check that X is boundedly compact
but not T -orbitally compact .
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2. Main Results
Now, we are in a position to state our main results.
Theorem 2.1. Let (X, d) be a boundedly compact metric space and T : X → X
be a mapping such that
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}
for all x, y ∈ X with x 6= y. Then T will be a Picard operator.
Proof. Let x0 ∈ X be arbitrary but fixed and consider the iterated sequence (xn)
where xn = T
nx0 for each n ∈ N. If the sequence (xn) has two equal consecutive
terms, then T must have fixed point. So, we consider that no two consecutive
terms of (xn) are equal. We denote sn = d(xn, xn+1) for each n ∈ N. Then we
have
sn = d(T
nx0, T
n+1x0)
= d(T (T n−1x0), T (T
nx0)
<
1
2
{d(T n−1x0, T
nx0) + d(T
nx0, T
n+1x0)}
=
1
2
(sn−1 + sn)
⇒ sn < sn−1.
This shows that (sn) is a strictly decreasing sequence of real numbers and also
the sequence is bounded below, so it must be a convergent sequence. For each
n ∈ N, we must have,
sn < sn−1 < · · · < s1 = K(say).
Again, for all n,m ∈ N, we deduce,
d(xn, xm) <
1
2
(sn−1 + sm−1) < K.
Therefore, (xn) is a bounded sequence in X . By boundedly compactness property
ofX , (xn) must have a convergent subsequence, say (xnk) which converges to some
z ∈ X .
Therefore,
lim
k→∞
d(xnk , xnk+1) = d( lim
k→∞
xnk , lim
k→∞
xnk+1) = d(z, z) = 0.
This shows that the convergent sequence (sn) contains a subsequence (snk) which
itself converges to 0. So the sequence (sn) must converge to 0. Hence, for all
n,m ∈ N,
d(xn, xm) <
1
2
{d(T n−1x0), T
nx0) + d(T
m−1x0, T
mx0)} → 0
as n,m→∞.
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This deduces that (xn) is a Cauchy sequence. As the subsequence (xnk) of (xn)
converges to z, so the limit of (xn) must be z. Also, we have
d(z, T z) ≤ d(z, T n+1x0) + d(T
n+1x0, T z)
< d(z, T n+1x0) +
1
2
{d(T nx0, T
n+1x0) + d(z, T z)}
⇒
1
2
d(z, T z) < d(z, T n+1x0) +
1
2
d(T nx0, T
n+1x0)→ 0 as n→∞.
This implies that z = Tz, i.e., z is a fixed point of T .
Next, we check the uniqueness of z. Arguing by contradiction, let z∗ be another
fixed point of T , then
d(z, z∗) = d(Tz, Tz∗)
<
1
2
{d(z, T z) + d(z∗, T z∗)}
⇒ d(z, z∗) < 0,
which leads us to a contradiction. Hence, our assumption was wrong. Therefore,
z must be the unique fixed point T . Since, we take x0 as an arbitrary point, so
for every x ∈ X , the iterated sequence (T nx) converges to z, i.e., T is a Picard
operator. 
One can deduce the following result as an immediate consequence of the above
result.
Corollary 2.2. Let (X, d) be a boundedly compact metric space and T : X → X
be a mapping such that
d(Tm+1x, Tm+1y) <
1
2
{d(Tmx, Tm+1x) + d(Tmy, Tm+1y)}
for all x, y ∈ X with x 6= y for some positive integer m ∈ N . Then T has unique
fixed point z and for any x ∈ X the sequence of iterates (T nx) converges to z.
We have already shown that boundedly compactness and T -orbitally compact-
ness are independent. In our next result, we show the existence of fixed point of
T by taking T -orbitally compactness instead of boundedly compactness.
Theorem 2.3. Let (X, d) be a T -orbitally compact metric space where T : X →
X is a mapping such that
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}
for all x, y ∈ X with x 6= y, then T has a unique fixed point z and for any x ∈ X
the sequence of iterates (T nx) converges to z.
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Proof. Let x0 ∈ X be arbitrary but fixed and consider the sequence (xn) where
xn = T
nx0 for each n ∈ N. Since X is T -orbitally compact, so the sequence (xn)
has a convergent subsequence, say (xnk) and let (xnk) converge to z in X .
Now,
lim
k→∞
d(xnk , xnk+1) = d( lim
k→∞
xnk , lim
k→∞
xnk+1) = d(z, z) = 0.
Thus we see that the convergent sequence (d(xn, xn+1)) contains the subsequence
(d(xnk , xnk+1)) which converges to 0, so the sequence (d(xn, xn+1)) itself converges
to 0.
For all n,m ∈ N, we have,
d(xn, xm) <
1
2
(sn−1 + sm−1)→ 0
as n,m → ∞. This implies that the sequence (xn) is a Cauchy sequence and
xn → z ∈ X as n→∞. Next, we claim that z is a fixed point of T .
d(z, T z) ≤ d(z, T n+1x0) + d(T
n+1x0, T z)
< d(z, T n+1x0) +
1
2
{d(T nx0, T
n+1x0 + d(z, T z)}
⇒
1
2
d(z, T z) < d(z, T n+1x0) +
1
2
d(T nx0, T
n+1x0)→ 0 as n→∞.
Therefore z = Tz and thus z is a fixed point T . Also it is easy to check that z is
the only fixed point of X . 
In support of our result, we present the following example. It is surprise to note
that even a discontinuous Kannan type contractive self-map T on an incomplete
metric space X has a unique fixed point.
Example 2.4. Let X = (1, 2] ∪ {−1, 0} and define T : X → X by
T (x) =
{
−1 x = 2;
0 x 6= 2.
Now, for x 6= 2, we have
d(Tx, T2) = |Tx− T2| = |0 + 1| = 1
whereas
1
2
{d(x, Tx) + d(2, T2)} =
1
2
{|x− Tx|+ |2 + 1|} > 1.
So,
d(Tx, T2) <
1
2
{d(x, Tx) + d(2, T2)}.
Again, for x, y ∈ X with x, y 6= 2 and x 6= y, we have d(Tx, Ty) = 0 but
1
2
{d(x, Tx) + d(y, Ty)} =
1
2
{|x− Tx|+ |y − Ty|} > 0.
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Therefore, we have d(Tx, Ty) < 1
2
{d(x, Tx) + d(y, Ty)}.
Clearly, X is non-compete T -orbitally compact and T is a discontinuous map-
ping satisfying d(Tx, Ty) < 1
2
{d(x, Tx) + d(y, Ty)} for all x, y ∈ X with x 6= y.
But still T has a fixed point and 0 is the only fixed point T .
Next, we present an important result which provides a sufficient condition of
completeness of the underlying space via fixed point property (FPP).
Theorem 2.5. Let every self-mapping T on a metric space (X, d) satisfying
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}
for all x, y ∈ X with x 6= y, has a unique fixed point. Then (X, d) must be a
complete metric space.
Proof. Arguing by contradiction, assume that (X, d) is not complete, then there
must be a Cauchy sequence (xn) in X which is not convergent in X . Without loss
of generality, we assume that all terms of the sequence (xn) are distinct. Now,
we consider the following set
A = {xn : n ∈ N}.
As the sequence (xn) does not converge in X , so d(x,A) > 0 for all x ∈ X\A.
Let x ∈ X be any arbitrary point. If x ∈ X\A, then we can find an integer
nx ∈ N such that
d(xm, xnx) <
1
2
d(x,A), ∀m ≥ nx
≤
1
2
d(x, xn), ∀n ∈ N
⇒ d(xm, xnx) <
1
2
d(x, xn), ∀m ≥ nx and n ∈ N. (2.1)
Let x ∈ A, then x = xn0 , for some n0 ∈ N. Again, we can find some n
′
0 ∈ N
such that
(xm, xn′
0
) <
1
2
d(xn, xn0) (2.2)
for all n ∈ N and m ≥ n′0 > n0.
Next, we define T : X → X by
Tx =
{
xnx , if x ∈ X\A;
xn′
0
, if x ∈ A and x = xn0 .
Let x, y ∈ X be arbitrary points with x 6= y. If x, y ∈ X\A, then Tx = xnx
and Ty = yny . Without loss of generality, we assume that ny ≥ nx. Then from
Equation 2.1, we have
d(yny , xnx) <
1
2
(x, xnx) =
1
2
d(x, Tx)
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which yields
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}.
Next, we consider that x, y ∈ A, and x = xn0 ; y = ym0 for some n0, m0 ∈ N. Then
Tx = xn′
0
and Ty = ym′
0
. Without loss of generality, we assume that m′0 ≥ n
′
0.
Then from Equation 2.2, we can deduce that
T (xm′
0
, xn′
0
) <
1
2
d(xn′
0
, xn0) =
1
2
d(x, Tx)
which gives
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}.
Finally, we consider another possibility such that x ∈ X\A and y ∈ A. We set
y = xn0 for some n0 ∈ N. Then, we obtain Tx = xnx and Ty = xn′0 . If n
′
0 ≥ nx,
then from Equation 2.1, we get,
d(xn′
0
, xnx) <
1
2
d(x, xnx) =
1
2
d(x, Tx)
which implies
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}.
For nx > xn′
0
, Equation 2.2 yields
d(xnx, xn′0) <
1
2
d(xn′
0
, xn0) =
1
2
d(y, Ty)
which deduces
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}.
Therefore, for all x, y ∈ X with x 6= y, we have
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)},
i.e., T is a Kannan type contractive map which has no fixed point. This leads us
to a contradiction. Hence, our assumption was wrong. Therefore, (X, d) must be
a complete metric space. 
Recently, J. Go´rinicki [5] raised the following open question:
Question: Does there exists a complete but noncompact metric space (X, d)
and a continuous mapping T : X → X such that
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}
for all x, y ∈ X with x 6= y and T is fixed point free?
We give an affirmative answer of the above question which is presented below.
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Example 2.6. Let us choose X = N and we define d : X ×X → R by
d(x, y) =
{
1 + | 1
x
− 1
y
|, if x 6= y
0, if x = y.
Clearly d is a metric on X. Note that every Cauchy sequence in X is eventually
constant and hence (X, d) is a complete metric space. However, this is non-
compact as the sequence (n) has no convergent subsequence in X. Now, we define
a function T : X → X by
Tx = 3x
for all x ∈ X. It is easy to verify that T is continuous and a fixed point free
map. Now, it is remaining to show that T satisfies the Kannan type contractive
condition. In order to do this, we choose x, y ∈ X with x < y, then,
d(Tx, Ty) = 1 + |
1
3x
−
1
3y
|
= 1 +
1
3x
−
1
3y
< 1 +
1
3x
;
whereas,
1
2
{d(x, Tx) + d(y, Ty)} =
1
2
{
1 + |
1
x
−
1
3x
|+ 1 + |
1
y
−
1
3y
|
}
= 1 +
1
3x
+
1
3y
> 1 +
1
3x
.
Therefore,
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}
for all x, y in X with x < y.
Similarly, one can prove it for the case x, y ∈ X with x > y. Now from the
above arguments, we can say that
d(Tx, Ty) <
1
2
{d(x, Tx) + d(y, Ty)}
for all x, y in X with x 6= y. Thus, T is a Kannan type contractive map but it is
fixed point free.
Remark 2.7. There are special type of complete but non-compact spaces, where,
we can always find fixed point of this type map. For example, if we take X as a
closed subset of Rn, (n ≥ 1), equipped with the usual metric, then every Kannan
type contactive self-mapping on X must have a unique fixed point. This is clear
from Theorem 2.1.
However, the following result gives the guaranty of existence of unique fixed
point of Kannan type contactive self-map T on an arbitrary complete metric
space X with a mild additional condition on T .
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Theorem 2.8. Let (X, d) be a complete metric space and T be a self-mapping
on X such that
i) d(Tx, Ty) < 1
2
{d(x, Tx) + d(y, Ty)} for all x, y in X with x 6= y,
ii) For any x ∈ X and for any ǫ > 0, there exists δ > 0 such that d(T ix, T jx) <
ǫ+ δ implies d(T i+1x, T j+1x) ≤ ǫ for any i, j ∈ N ∪ {0}.
Then T has a unique fixed point z and for any x ∈ X the sequence of iterates
T nx converges to z.
Proof. Let x0 ∈ X be arbitrary but fixed and consider the sequence (xn) where
xn = T
nx0 for each n ∈ N. Let the sequence (xn) do not have two equal consecu-
tive terms, i.e., xn 6= xn+1 for all n ∈ N. Then it is not difficult to check that the
sequence of real numbers (sn) where sn = d(xn, xn+1) is a decreasing sequence
and also this sequence is bounded below, so this sequence is convergent and let
lim
n→∞
sn = b, so b ≥ 0.
Now if b > 0, then by definition of b, there exists δ > 0 and n ∈ N such that
sn < b+ δ
⇒ d(xn, xn+1) < b+ δ.
So by given condition, we have, d(xn+1, xn+2) ≤ b, i.e., sn+1 ≤ b. This leads to a
contradiction, so we must have b=0. Therefore, lim
n→∞
d(xn, xn+1) = 0.
Now for any n,m ∈ N, we have,
d(xn, xm) <
1
2
{d(T n−1x0, T
nx0) + d(T
m−1x0, T
mx0)} → 0
as n → ∞. This deduces that (xn) is a Cauchy sequence and hence convergent
in X . Let us consider
lim
n→∞
xn = z.
Now, we show that z is fixed point of T . In order to show this, we have
d(z, T z) ≤ d(z, T n+1x0) + d(T
n+1x0, T z)
< d(z, T n+1x0) +
1
2
{d(T nx0, T
n+1x0) + d(z, T z)}
⇒
1
2
d(z, T z) < d(z, T n+1x0) +
1
2
d(T nx0, T
n+1x0)→ 0 as n→∞.
This implies that z = Tz, i.e., z is a fixed point of T . The uniqueness of the fixed
point follows from Theorem 2.1. 
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